CURVATURE FLOW OF COMPLETE HYPERSURFACES IN 
HYPERBOLIC SPACE 



LING XIAO 



Abstract. In this paper we eontinue our study of finding the curvature flow 
of complete hypersurfaces in hyperboHc space with a prescribed asymptotic 
boundary at infinity. Our main results are proved by deriving a priori global 
gradient estimates and C"^ estimates. 



1. Introduction 

In this paper, wc continue our study of the modified curvature flow problem 
in hyperbolic space H"+^. Consider a complete Weingartcn hypersurfacc in H"+^ 
with a prescribed asymptotic boundary F at infinity, whose principal curvatures 
satisfy /(k[Eo]) < a (e.g. we can choose a constant mean curvature graph as found 
in [NS96] V and is given by an embedding X(0) : -> H"+\ where ^ C d^W^"^^ . 
We consider the evolution of such an embedding to produce a family of embeddings 
X : X [0,r) 11"+^ satisfying the following equations 

± = {!{K\Y\)-a)vH inOx[0,T), 

(1.1) <( X = r on 917 X [0,T), 
X(0) = Eo in VL X {0}, 

where K[I](t)] = (ki, • • • , ft„) denotes the hyperbolic principal curvatures of E(i), 
o G (0, 1) is a constant, and vu denotes the outward unit normal of Tj(t) with 
respect to the hyperbolic metric. 

In this paper we shall use the half-space model 

H"+i = {(:r,:r„+i) G R"+l : > 0} 

equipped with the hyperbolic metric 

(1.2) ds^ 



One identifies the hyperplane {a;„+i = 0} = M" x {0} C M""*"-^ as the infinity of 
IEII"+^, denoted by dr^W^^^ ■ For convenience we say E has compact asymptotic 
boundary if 9S C 9ooH"^^ is compact with respect to the Euclidean metric in M". 
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We assume the function / satisfies the following fundamental structure condi- 
tions: 

(1.3) MX) = >0 mK, l<i<n, 

(1.4) / is a concave function in 
and 

(1.5) / > in K, / = on dK, 
where K C K." is an open symmetric convex cone such that 

(1.6) K+ {A e R" : each component A, > 0} C K. 
In addition, we shall assume that / is normalized 

(1-7) /(1,..-,1) = 1 

and satisfies the more technical assumptions 

(1.8) /is homogeneous of degree one 
and 

(1.9) lim /(Ai, • • • , A„_i, A„ + i?) > 1 + eo uniformly in -850(1) 

for some fixed eo > and do > 0, where Bso{l) is the ball centered at 1 = 
(I,--- ,l)eR". 

As we can see in |GS08| , an example of a function satisfying all of these assump- 
tions above is given by / = {Hk/ Hi)~i ^ <l < k, defined in K, where Hi is the 
normalized l — th elementary symmetric polynomial, (e.g, Hq ~ 1, Hi ~ H, Hn = K 
the extrinsic Gauss curvature.) 

Since / is symmetric, from (|1.4p . p.7p and (|1.8p we have 

(1.10) /(A) < /(I) + /,(1)(A, -i) = Y. /'(i)^^ = ^ E ^ 

and 

(1.11) /*(^) = /(^) + E - ^ /(I) = 1 in i^- 

In this paper, we always assume the initial surface Eq to be connected and 
orientable, E(i) = {{x,u{x,t))\x € VL, Xn+i = u, < i < T} to be the flowing 
surfaces, and the position vector X = {x,u{x,t)) satisfies the flow equation (|l.ip . 
If E is a complete hypersurface in H"+^ with compact asymptotic boundary at 
infinity, then the normal vector field of E is always chosen to be the one pointing 
to the unique unbounded region in IR"^^/E. In this case, both the Euclidean and 
hyperbolic principal curvature of E are calculated with respect to this normal field. 

We shall take F = dfl, where fl C M" is a smooth domain and let Fg denote 
its vertical lift. We seek a family of hypersurfaces E(t) as the graph of a function 
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u{x,t) with boundary F satisfying equation ()l.ip . Then the coordinate vector fields 
and upper unit normal are given by 

X, = Ci + UiCn+l, Vh =uv = u , 

w 



where through out this paper w = ^Jl + |Vup and e„+i is the unit vector in the 
positive Xn+i direction in R"+^. 
Notice that 



which is equivalent to 



/ d \ 

{x,u{x,t)),UH ) =f 

I H 



\dt 

Thus the height function u satisfies equation 

(1.12) ut^{F-a)uw. 

Therefore problem (|l.ip can be represented as the Dirichlet problem for a fully 
nonlinear second order parabolic equation 

'Ut=uw{f-(T) inr2x[0,r), 

(1.13) !u{x,t) = ondnx[0,T), 

, u{x, 0) = uq in fl X {0} . 

In this paper, we shall focus on proving the long time existence of the modified 
general curvature flow (MGCF) of a complete embedcd hypersurface with initial 
surface So = {{x,'Uo{x)), a; S fi} satisfying /(^[Eo]) < cr and 1/w{uq) > a. These 
additional assumptions will be needed in the proof of Proposition 14.31 (Note that 
for constant mean curvature graph the latter assumption is trivial.) Following the 
literature we define the class of admissible functions : 

Ai^lr) = {ue C^'H.^t) ■■ k[u] g K}. 

Condition (|1.3|) implies that equation (|1.13l) is parabolic for admissible solutions. 
Our goal is to show that the Dirichlet problem (|1.13p admits smooth admissible 
solutions for all < (T < 1. Due to the special nature of the problem wc saw in 
[GS08| . there are substantial technical difficulties to overcome and we have not 
yet succeeded in finding the solutions for all a € (0, 1). However, we succeed in 
improving the result in |GS08j . 

Theorem 1.1. Let T = dfl x {0} C M"+^ where H. is a bounded smooth domain 
in M". Suppose that the Euclidean mean curvature Hdn ^ and a G (0, 1) satisfies 
cr > (To, where ao is the unique zero in (0, 1) of 

(1.14) ^(„):=4^_J_«3_^(„2^3)3/2^ 
(Numerical calculations show 0.14596 < uo < 0.14597. J 
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Under conditions il.3\ )- nT9\} . there exists a solution S(i), t G [0,cx)), to the 
MGCF (pup with uniformly bounded principal curvatures 

(1.15) |k[E(<)]|<C on S](t), Vt e [0,oo). 

Moreover, Y,{t) = {{x,u{x,t)) \ {x,t) G 11 x [0, oo)} is the flowing surfaces of 
the unique admissible solution u{x,t) £ C°°{n x (0, od)) n Wp'^{n x [0,oo)) of 
the Dirichlet problem 11.13]) . where p > 4. Furthermore, for any fixed t G [0, cxj), 
u'^{x,t) G C°°(fl)nCi+i(n) and 

(1.16) + \Du\^ <C inn, 

(1.17) u\D^u\ <C inVt. 

In addition, as t — )■ oo, u{x,t) converges uniformly to a function u{x) G C°°{fl) D 
C^{fl) such that Sqo = {(2;,'«(a;)) | a; G f2} is a unique complete surface satisfies 
/(k[Eoo]) = CT tn H"+i. 

Equation (|1.13p is degenerate when u = 0. It is therefore very natural to approx- 
imate the boundary condition u = on dn x [0,r) by u = e on dil x [0,r), for 
e > sufficiently small. So the problem becomes 

{ut = uw{f - cr) in f2 X [0, T), 

u{x,t) ^ e on dfl x [0,T), 

u{x, 0) = Uq = uo + e in 17 x {0}, 
where = {{x,uf^)\x G Vt] satisfies /(k[I]q]) < a and ^^^c^ > cr, Vcc G O. 

Theorem 1.2. Let n be a bounded smooth domain in R" with Hgn > and suppose 
f satisfies ll.3\) - ![T7S\) . Then for any a G (0, 1) and e > sufficiently small, there 
exists a unique admissible solution u'^ G C°°{n. x (0,oo)) of the Dirichlet Problem 
il.l8\) . Moreover, satisfies the a priori estimates 



(1.19) ^/iTJDu^ <C innx[0,oo), 

(1.20) u''\D^u'\<C on dnx[0,oo), 
and 

(1.21) u^\D^u'\ < C{e,t) in n X [0,oo). 



In particular, C{e,t) depends exponentially on time t. 

Remark 1.3. The a priori estimates (|1.19p and (|1.20[) will be proved in section |4] 
and El while ()1.2ip can be derived by combining Theorem 13.11 and Lemma 16.21 with 
the standard maximum principle for parabolic equations. 

The paper is organized as follows. In Section[2]we establish some basic identities 
for hypersurface in H"+^. In Scction[3]wc state the short time existence theorem and 
derive evolution equations for some geometric quantities. In Section |4] we use the 
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mean convex condition on the boundary to establish a sharp global gradient bound 
for u. In SectionOwe show the boundary second derivative estimates. In Section[6] 
we prove a maximum principle for the maximal hyperbolic principal curvature by 
using radial graphs (this idea is from |GSZ09| ). Finally in Section [7] we prove that 
as i — >■ oo, I](i) converges uniformly to a hypersurface E satisfies /(k[I]]) = a. 

2. Formulas for hyperbolic principal curvatures 

2.1. Formulas on hypersurfaces. We will compare the induced hyperbolic and 
Euclidean metrics and derive some basic identities on a hypersurface. 

Let E be a hypersurface in H"+^. We shall use g and V to denote the induced 
hyperbolic metric and Levi-Civita connections on E, respectively. Since E also can 
be viewed as a submanifold of we shall usually identify a geodesic quantity 

with respect to the Euclidean metric by adding a 'tilde' over the corresponding 
hyperbolic quantity. For instance, g denotes the induced metric on E from ]R"^"^, 
and V is its Levi-Civita connection. 

Let (zi, • • • , z„) be local coordinates and 

n = T^, t = i,--- ,n. 
The hyperbolic and Euclidean metrics of E are given by 
(2.1) g,j = (tj, Tj) ^ , g,j = r, • Tj = u^g^j, 

while the second fundamental forms are 

^2.2) ~ ^ ~ 

hij ~ V ■ D^Tj — —Tj ■ D^v, 

where D and D denote the Levi-Civita connection of H"+^ and M"+^, respectively. 
The following relations are well known (see equation(1.7),(1.8) of jGS08| ): 

1 ~ 

(2.3) hij = -hij H ^ffii- 

(2.4) Ki = uKj + i^"+\ i = l,.--,n, 

where :^"+^ = • e„+i. 

The Christoffel symbols are related by formula 

(2.5) rj^. = f.^. - -{uAj + UjS.k - g^'uig^j). 

u 

It follows that for v € C2(E) 

(2.6) VyW = Vij - TijVk = ^'ijV + - {uiVj + UjUi - g'^'ukVigij) 

where and in the sequel (if no additional explanation) 

dv d^v 



dxi ' dxidxi ' 
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In particular, 

(2.7) V^jU = SI^jU H — ^ - -g'^'ukuigij. 

Moreover in M"+-'-, 

(2.8) -g'^'ukui ^ |Vu|2 = 1 - [v^+^f 



(2.9) V,ju = h,jv''+\ 

We note that all formulas listed above still hold for general local frame n, • • • , t„. 
In particular, if ti, • • • , r„ are orthonormal in the hyperbolic metric, then gij — Sij 
and gij = u^Sij. 

We now consider equation on S. For iiT as in section 1, let ^ be the vector 
space of n X n matrices and 

Ak ={A^ {a,,} e A : A(A) e K} , 

where X{A) ~ (Ai,--- ,A„) denotes the eigenvalues of A. Let F be the function 
defined by 

(2.10) F{A) = f{X{A)), AeAK 
and denote 

(2.11) F^J(A) = ^(A), F'J.fc'(A)^ /^ (A). 

Since i^(A) depends only on the eigenvalues of A, if A is symmetric then so is the 
matrix {F^^{A)] . Mor cover, 

F^^{A) = fAj 

when A is diagonal, and 

(2.12) F^'{A)a,, - = mi 

(2.13) F'^^ (A)a,fca,fc = ^ /.(A(A))A2. 

Equation (II. 13^ can therefore be rewritten in a local frame ti , • • • , r„ in the form 

{ut = uw{F{A[J:]) - cr) (cc, i) e O X [0, T), 
u(a;,t)=0 (x,t) e ai7 X [0,T), 

u(a;, 0)=Mo (a;,i) e X {0}, 

where Ap] = {g^'^/ifcj} . Let F'^ = i^*^' (Ap]) , F'J-'^'' = F'^''^'' (A[E]) . 



MODIFIED GENERAL CURVATURE FLOW IN HYPERBOLIC SPACE II 



7 



2.2. Vertical graphs. Suppose S is locally represented as the graph of a function 
u e C^(ri), M > 0, in a domain C M" : 

In this case we take v to be the upward (Euclidean) unit normal vector field to S : 

Du 1 

w ' w 



, — I , w = Vl + \Du\ 



2 



The Euclidean metric and second fundamental form of S are given respectively by 
and 



"-17 — 



As shown in |CNS86| . the Euclidean principal curvature are the eigenvalues of 
symmetric matrix A[u\ — [aij] : 

1 



(2.15) ay ~ -Y'^Uka'^ 

w 

where 



7 ^ = 4 



^(1 + w) ' 

Note that the matrix {7'-'} is invertible with the inverse 



UiUi 



which is the square root of {gij}, i.e., "fiklkj = gij- From ()2.4p we see that the 
hyperbolic principal curvatures k[u\ of S are eigenvalues of the matrix A[u\ = 
{aij[u]} : 

(2.16) a,, i (% + ^ W-') • 

When S is a vertical graph we can also define F(A[I]]) = F{A[u]). 

2.3. Radial graphs. Let V' denote the covariant derivative on the standard unit 
sphere S" in M"+i and y = e„+i • z for z e §" C K"+i. Let n, • • • , r„ be a local 
frame of smooth vector fields on the upper hemisphere S" and denote • Tj = Uij . 

Suppose that locally E is a radial graph over the upper hemisphere S" C M""^^, 
i.e., it is locally represented as 



(2.17) X = e"2., z e C 



pji+i 



The Euclidean metric, outward unit normal vector and second fundamental form 
of E are 

(2.18) g.,j=e^^{a,,+V,vV^v), 

(2.19) ^=^^Z^, u;=(l + |V'«ni/2, 

w 
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and 

(2.20) hj = ^{%v - y'^vV^v - a,,) 

respectively. Therefore the Euchdean principal curvatures are the eigenvalues of 
the matrix 



(2.21) ~a,, = ^— (7''V',,«V^- - a,,) 

where 



= (j'^ 



w{l + w) 



and ~ (T*'^Vj,u. Note that the height function is u = ye". We see that the 
hyperbolic principal curvatures are the eigenvalues of matrix A^lv] = {afj[f]} : 

(2.22) a^H := ^ {yi'^'V^iV^'^ - e • V'w.,) . 

In this case we can define F(A[E]) = F(A*[z;]). 

3. Short time existence and Evolution equations 

3.1. Short time existence. In order to prove a global existence for the Dirichlct 
problem (|1.18p . we first need a short time existence theorem. Here we shall apply 
Theorem 3.1 of |LX11| directly. For completeness let's restate the theorem as 
following: 

Theorem 3.1. Let G{D^u,Du,u) be a nonlinear operator that is smooth with 
respect to D^u, Du and u. Suppose that G is defined for a function u belonging to 
an open set A C C^(ri) and G is elliptic for any u € A, i.e., G*^ > 0, then the 
initial value problem 

Ut ^ G{D'^u,Du,u) mnx[Q,T*), 

(3.1) { u{x,0) = uo innx {0}, 

u{x,t) = ondQx [0,T*), 

has a unique smooth solution u when T* = e > small enough, except for the 
corner, where uq G A &e of class C°°{Q). 

Since Theorem 13.11 was proved in |LX11] , we omit the proof here. 



3.2. Evolution equations for some geometric quantities. For the reader's 
convenience, we now compute the evolution equations for some affine geometric 
quantities that were first derived in |LXllj . In this section we shall write Fij = 

'VijF, Uij = WijU, Fj = g'^^Fij, etc. 

Lemma 3.2. (Evolution of the metrics). The metric gij and gij of Yi{t) satisfies 
the evolution equations 
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(3.2) ^ -2w-%(F - a)w - 2u-\F - a)h,j, 
and 

(3.3) Qij = -2{F - a)uhij. 
Proof. Since gij ~ Ti ■ Tj , 



= 2{F - a)ul^Dr^v,T,j 
= -2{F ~ a)uh.,j. 

From equation (|2.ip we get 

d ^ _2~ 

—gij = -2u gijUt + u gij 

= —2u~^gij{F — (j)uw — 2u^'^{F — a)uhij 
= -2u^^gij{F - a)w - 2u^\F - a)hij. 

□ 

Lemma 3.3. (Evolution of the normal). The normal vector evolves according to 

(3.4) z> = -g'J"[(F-a)«],r„ 
moreover, 

(3.5) 1^"^+^ ^~~g'^[{F~a)u],u,. 

Proof. Since v is the unit normal vector of S, we have v G T{Yi). Furthermore, 
differentiating 

with respect to t we deduce 

= - {u, [{F - a)ul,iy) 
= -[(F-a)u].. 

So we have 

and (|3.5p follows directly from 

= {i^,e) = -g^^[iF-a)u],u,. 

□ 
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Lemma 3.4. (Evolution of the second fundamental form) . The second fundamental 
form evolves according to 

(3.6) ~h\^[{F^a)u]l+uiF-a)hfhl 

(3.7) = [{F ~ a)u],j - u{F - a)hfhkj, 
and 



(3.8) 



-{[(F - a)u],, - u{F - a)h^hk,} - ^w{F - a) 



u 

- {^HF - o)]uUl}^ - 2%(F - a). 

Proof. Differentiating p.4p with respect to we get 

^v, = -.g'='[(F - a)u]k;Ti - g'''[{F - a)u]kDr,Ti. 
ot 

On the other hand, in view of the Weingartcn Equation 

V, = ~g^%iTk ^l'^ = -h'^Tk - h'lDr.X, 

where /i*^ = g^^hn is mixed tensor. Multiplying by Tj we get 

-k~9k3 - ^ (^r,^,Tj) = -5'^'[(F - (j)uU~gi,. 

Thus 

k~9k3 = f\iF - (^)uU~gij - h'luiF - a) {br,v,Tj) 

= [{F - a)u]^j + u{F - afhfhkj. 

Multiplying by g-'' we get p.6p . 

Moreover, since hij = h\gij, by equation p.3p and p.6p we have 

hij = h\mj + ~h\gij 

= [(F - a)u]\~gi, + u{F - a)hfh[~gi, + h[[-2{F - a)uhi,] 
= [{F -a)u],j -u{F -afhfhkj. 
Finally, by differentiating (|2.3p with respect to t, we get 



= -{[{F - a)u],, - uiF - <j)hfhk,} - ^w{F - a) 
u u 



(3.9) + ^{.gki[^(^F ~ a)]kui} + ^ [-2(F - a)uh,,] - 2'^^uw{F - a) 

w' 



= i{[(F - a)u],, - u{F - a)hfhkj} - ^wiF - a) 

- {g'^^HF - a)],u,}^ - 2^iF a). 

□ 
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Lemma 3.5. (Evolution of F). The term F evolves according to the equation 
Ft = -F^=[{F a)ul, +{F-a) f^nl - 2v-+^F + {v^+^f ^ 
+ w{F -a)[F- ^ /.) - [{F - a)u].u^ ^ 



Proof. Wc consider F with respect to the mixed tensor h^. From equation (|2.3p . 
p.Sp . and p.6p we conclude 

= uF'^liF - a)u]i + u^{F - a)F'^hfhi 
(3.11) + uw{F - a)F^^}i - [{F - a)ulu^ ^ 

= If', [(f - + (F - a) /,«:^ _ 2v-^+^F + (^"+1)^ ^ /,] 

+ w{F -a)(F- ^ /,) - [{F - a)v\,v^ ^ 



□ 

4. Gradient estimates 

In this section we wiU show that the angle between the upward unit normal and 
e„+i axis is bounded above upon approaching the boundary. We will also prove 
Proposition 14. 31 which gives us a global gradient bound for the solution. 

The following lemma is similar to Theorem 3.1 of |GS10) . 

Lemma 4.1. For e > sufficiently small, 



(4.1) < + !(i±^ or^dn X [0,T), 

u ri r^ 

where ri is the maximal radii of exterior sphere to 90. 



Proof. Applying Theorem 13.11 and letting T be small enough, we first assume ri < 
oo. For a fixed point aio G F"^, let ei be the outward unit normal vector to F*^ at xq. 
Let Bi be the ball in K."+^ of radius Ri centered at a = (xq + riei,Ricr) where i?i 
satisfies R\ = ri + {e — Ria)"^ . 

Note that Bi n P(e) = {x E M"+^|a;„+i = e} is an n-ball of radius ri, which is 
externally tangent to F^ By Lemma 3.3 of |LX10j . we know that Bi n Y,{t) = for 
any t € [0,T). Hence, at xq we have 

^n+i ^ u-crRi 
Rl 

By an easy computation we also know that, 

Rl > 



^{l-a^)ri + il + <j)e 
Therefore ()4.ip is proved. In the case that ri = oo, then in the above argument 
one can replace ri by any r > and let ?' — > oo. □ 
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Now consider the approximation problem 



(4.2) 



1 



G(D u, Du, u, Ut) = — Ut — F ~ — cr 
uw 



in ilx, 

u{x, t) ~ e on OVIt, 

u{x, 0) = uo + e in n X {0}. 

By Lemma 14.11 we obtain a boundary gradient estimate 

(4.3) \Du{x,t)\<C on dnr. 

Similar to Lemma 5.1 of jLXllj . we have 

Lemma 4.2. If the initial surface Eg satisfies /(Sg) < cr, then f{Y,{t)) < a, V(a;, t) G 
fl X (0,T). 



Proof. By Lemma 13.51 we have 
dF 

(4.4) 9t 



F''V,,F 



{F a) ^ f^nl - + + - 2 J] 



Now consider the function F = e [F — a) 



(4.5) 



dF 

-81 -'''"^^^^ 



F f^nl .-+'F + {v-+'f Y.fs+^F-2Y^f., 



A 



If F achieved its positive maximum at an interior point (a;o,to) G I^t, then at this 
point we would have 

dF 



^F^ f^nl - :.-+'F + {v^+^f ^ + - 2 ^ - A 
Choosing A big enough leads to a contradiction. 



> 0. 



□ 



Next we shall appeal to Theorem 13.11 and show that the linearized operator £ 
satisfies the maximum principle. Moreover, we can get a uniform estimate for 
the admissible solution. 

Proposition 4.3. Let u{x,t) £ C^'^{VIt) he an admissible solution of equation 
|^.i3[ ). Suppose the initial surface Eg ~ {(x, Ug(x)), x G fi}, satisfies F(Sg) < cr 
and I ^, > cr. Moreover, suppose Hon > 0, then G„ > 0, F(Y,(t)) < a and 
w < — on Qx- 



Proof. From 
(4.6) 



G„ = ^ = i(-2F + a + l^/, 
ou u w ^ — ' 

> i{-2F + a+-), 



w 
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and the hypotheses on Sg we can see that Gu\t=o > 0. Thus when t close to 
0, the hnearized operator £ satisfies the maximum principle. But Sluk = so 
each derivative Uk achieves its maximum on dflf , where < t* < T sufRcicntly 
small. In particular, w obtains its maximum on dflf ■ By assumption we know that 
w{uo) < i , so we only need to assume that w achieves its maximum on dfl x (0, t*). 

Let {0,to) G dfl X (0,t*) be the point where w assumes its maximum. Choose 
coordinates (xi, • • • ,a;„) at with Xn the inner normal direction for dQ. Then at 
(0, to), we have 

Ua = 0, 1 < a < n, Un > 0, Unn < 0, 
^ Uaa = ~Un{n - l)'Han < 0. 

Moreover, by equation (jl.lOp . the hyperbolic mean curvature of graph(u) > F. 
Therefore by implying Theorem 13.11 we have 

<-(n-l)— Hao <0. 
w 



_(cr ) < _ \ + 

e w w \ ^ — ' w j 

\a<n / 



Hence ^ > ct on 917 x (0, t*). 

Applying Lemma we know F < cr for all t G [0, T). Thus G„ > so £ satisfies 
the maximum principle. Consequently, the estimates must continue to hold as we 
increase t* up to T. □ 

5. BOUNDARY ESTIMATES 

In this section, we establish boundary estimates for second spatial derivatives of 
the admissible solutions to the Dirichlct problem (jl.lSp . According to (|2.16p we 
can rewrite equation (|1.18l) as follows: 



(5.1) 



—ut - F [—{5^j + u-i'^^'usrY') ) = -cr in 
uw \ w 



u{x,t) = e on ai7 X [0,T), 

^ u{x, 0) = uo + e in 17 X {0}. 

As before we denote 

(5.2) G[D'^u,Du,u,ut) = —Ut- F. 

uw 

Theorem 5.1. Suppose f satisfies eauation il. 3\) - !77^) . If e is sufficiently small, 

(5.3) u\D'^u\ < C on dQ X [0,T), 
where C is independent of e and t. 

Before we begin our proof note that 

(5.4) G"'' := ^ = --F'^Y'-Y', 

OUsr W 

(5.5) G'''u,,. = -F+-"y F'\ 

w 
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G„ := ^ = \ut - -F'^f'^ukn'' 

ou wu w 

(5.6) =JZ^^F^^(^-±6., 

u \ u uw 



2F a 1 ^ 
= + - + — > F 

n 11 mil t ^ 

(5.7) G* 



u u wu 

dG _ 1 
dut uw ' 



dG 



ou 



(5.8) 



\ \ + w J 



w 



Thus 



w w \ 1 + ?« 



-1 2 2 



(5.9) —a + —F'^a^kUkUj -F^'u^u^ 

and 

(5.10) EiGi<^ + ^(E^"+E/^i-^i)- 

Now let £' denote the partial linearized operator of G at u: 
C = C-Gu = G'dt + G'^'dsdr + G'ds. 



By equation ([53|) . (f5T7| and (fOj) we get 
(5.11) 

= G*ut + G"''u,^ + G'us 



= —uw{F - a) - F + i y + ( 1 - 4^ ) a^F^^a^fcUfeUj - \f'^u,Uj 
UW w ^ — ' \ J 

2 2 T 2 2 

= + - y F" + — F'^a,fcUfcUj -F'■'u^UJ, 



hence 



C^- ^ G* + G-d. f-^) + G^ {-^) + G„ ^ ^ 



u \ u^ J \ ' Vu^/ \u 

= (G'ut + G^'-Wsr + G'u,) + 2G^''^ + Gu- 

(5.12) = -\ (-\(J + - y F" + - ^F'Hhu^ 

+ 2G' 





.F 




-2- + 


u \ 




F 


2 


-2- 


u^w-^ 
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Lemma 5.2. Suppose that f satisfies U.3]) . (T^, Ji. ?| ) and U.8\} . Then 

(5.13) c(l--)> ^(1 - a) y /, + -^F'^a^kUkU, in fir- 
Proof. By equation (|5.12p and Proposition 23] 

(5.14) > £' (l - -) = -eC (-) =-£(£- G„) i 
> ^(1 - a) V /, + 

□ 

Recall that for symmetric matrix A = wc can uniquely define the symmetric 
matrices 

\A\^{AA^Y^, A+ = \{\A\+A), A- = \{\A\~-A) 

which all commute and satisfy A'^A^ = 0. Moreover, F = F'-' commutes with \A\, 
A^ so all simultaneously diagonalizable. Write A^ = {afj} and define 

(5.15) L = C+^F^^a-,Ukd,. 

Corollary 5.3. Suppose that f satisfies (T^, [L^ and frgj. Then 

(5.16) ^(l--)>^E/^- 

Finally we need to point out that, similar to |CNS84| we can prove 

Lemma 5.4. Suppose that f satisfies lil.3\ ). |j.^[ ), |j. 7| ) and Hl.S]) . Then 

(5.17) L(xiUj — XjUi) ~ 0, Cui = 0, I < i, j < n. 

Proof of Theorem \5.1\ Consider an arbitrary point on 9f2, which we may assume 
to be the origin of M", and choose the coordinates so that the positive a;„ axis is 
the interior normal to 917 at the origin. There exists a uniform constant r > such 
that dil n -Br(O) can be represented as a graph 

= ^ E BapXaXp +0{\x'\^) ^ p{x'), x' = [xx, ■ ■ ■ , Xn-l)- 

Since u = e, on dil x [0,T), i.e., u{x' , p{x')) = e for V< £ [0,T), we have at the 
origin that 

Ua + UnBapxp = , Uafi + UnPap =0, £ [0, T) and a, /3 < n . 
As in |CNS84j . let Ta = da + J2p<n Bap[xpdn — Xndp). For fixed a < n, we have 

(5.18) \Tau\ < C in {rJnB,(0)} x [0,T), 

(5.19) \Tau\<C\x\^ on {ai7nS,(0)} X [0,T), 
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where C is independent of e and T. Moreover by Lemma 15.41 

(5.20) £T„u = 0. 
Now define 

Kn 

where C is chosen to be large enough (and independent of e and T) so that (j) <Q 
on d{Q, n i?e(0)) X [0,T). Since mq € C^(r2) is given, from Taylor's theorem we can 
assume in $7 x i?5(0), (5 > e > is small, there exists ai, 6i, 62 and ci > so that 

uo{x) > e + aia;„, ITqMoI < biXn + h2\x\'^ and |mo;| < ci|a;|. 

Therefore, we can choose a constant Ci > such that 

(5.21) - Ci (1 - -) < on {17 n B,{Q)} x {0}, 



here and in the future, all C and Ci (i = 1, 2, • • • ) denote constants independent of 
e and i. 



Lemma 5.5 

C 
e 



(5.22) £0<^G^'^Mi,u,, + ^(^/,+^/,|K,|) zn{17nB,(0)}x [0,T). 



Proof. Since 
(5.23) 

C{\x\^) G'*''9,9^|a;|2 + G'ds\x\^ + Gu\x\^ 
< |2^C+2^x,G" + |a;pG„ 

<2|^G"'|+2e|G"|+e2|G„| 
2Ge „ „ /cr 2 



^^E/^ + 2.(^ + ^(^/. + ^/.k|))+G.(E/.+E/.|. 



where we applied lemma 2.1 of jGSOSj and Lemma 3.3 of jLXlOj . 

Combining (|5.23p with Lemma [FU] we obtain (|5.22p . □ 

Following Ivochkina, Lin and Trudinger |ILT96j we have 

Proposition 5.6. At each point in {CI D B^(0)} x [0,r) there is an index r such 
that 

(5.24) G'^^isuir < -co« E /^'^' ^ S I ^ E - E 

Proof. Let P be an orthogonal matrix that simuhaneously diagonahzes {F^^} and 
A = {d^,} = {^I'^u^a''}, where 7^^' = S,, 
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Kn 



(5.25) 



-uw 



= —uw 



5Z f^'^iPp^lplPqilql 
Kn 



Kn 



where B = {brs} = {Ptrjis} and det(S) = det(B^) 
Suppose for some i, say i = 1, we have 

32 



w. 



Kn 

Expanding det B by cofactors along the first column gives 

f < w = det S = &iiC" + • • • + 6„-iiC^""^ + hni det M < ciO + ci det M, 
where ci,C2 are independent of e and T, and 

&12 • ■ ■ &n-12 

M 



blr. 



bn-lr. 



Therefore, det AI > L-£il_ Now expanding det M by cofactor along row r > 2 gives 

1 /2 

det M < C3 (J2Kn^fr) i whcrc C3 is independent of e and T. Hence 

2 



(5.26) 



Kn 



Ir 



> 



1 - Clt 
C2C3 



Choosing 9 < tt- we conclude that for some r 

Kn i^r 

Finally (15. 24^ follows from equation (|2.4p . 
Proposition 5.7. Lef L fee defined by i5.15]) . Then 
(5.27) i0 < C2 Q ^ /. - G^^0,<; 

/or a controlled constant C2 independent of e and t. 
Proof. By Lemma 15.51 and Proposition [5 



(5.28) 



r-.2 



□ 



< G'^uisuir + ^(^ /, + f,\K,\) + l^F^^a-u.cbj 



< 



Kn 
Co 
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Implying the generalized Schwarz inequality, 



(5.29) 



w 



UkUl 



^il "'kj ' 



w"^ J 



8nu 



Ki<0 



where we have used Lemma 2.1 of jGSOSj to compare uF^^ (j)i(t)j to —G^^ (j)i(t)j. More- 



over, 



(5.30) 



Ki>0 Ki<0 Ki<0 

Hence we get equation (|5.27p with C2 independent of e and t. 



□ 



Let h = [e^-^'^ -l) - A[l - , with C2 defined as before and A to be deter- 
mined later. From equation (j5.2ip we know that when A is chosen large enough 

(5.31) ft < on d{{n n B,{0)) x [0, T)}. 
Moreover, by Proposition 15.71 and Corollary 15.31 we get 

(5.32) Lh<0 m{nn 5,(0)) x [0, T). 

Therefore by the maximum principle we conclude that /i < in {rtO B^{Q)) x [0,T). 
Since h{0, t) ~ 0, we have that /i„(0, t) < for all t G [0, T) which gives 

(5.33) 



A 



|Mc.„(0,i)l < 7^u„(0,t) for all t e [0,T). 

Finally, |u„„(0, t)\ can be estimated as in [L.Xiao] section 6 using the hypothesis 
(jl.gp . For completeness we include the argument here. For any t E [0, T), we may 
assume [uQ^(0,i)] to be diagonal. Note also that ^^(O,^) = for a < n. We have 
at {x,t) = (0,i) 

l + um, ••• ^ ' 
1 + UU22 ••• ^ 



A[u] = - 
w 



1 + 



By lemma 1.2 in |CNS85j . if eu„„(0) is very large, the eigenvalues Ai, • • • , A„ of 
A[u\ are given by 



(5.34) 



Xa = —(1 + e-Uaa{0)) + o(l), Q! < 71 
W 



An — 



eu„„(0) 



l + O 



.(0) 



If eunn > R where i? is a uniform constant, then by (jl.Sp . (|1.9p and Proposition 
Iwe have 



1 



^ > -F{wA[u]){0) > (cr - Ce) ( 1 + 5 ) >a 



which is a contradiction. Therefore 



Fi 

|u„„(0)| < - 
e 
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and the proof is completed. □ 

6. GLOBAL ESTIMATES 

In this section we wih prove a maximum principle for the largest hyperbolic 
principal curvature Kmax(a;,i) of solutions of f{K[u(x,t)]) = cr. 

As before, we denote the metric in H"+^ by gij and denote the hyperbolic second 
fundamental form by hij. Now consider function 

6.1 ip= max — — , 

{x,t}efiT + - a 

where inf > a. 

Theorem 6.1. Suppose f satisfies and a € (0,1) satisfies a > ag, 

where (Tq is the unique zero in (0, 1) of 

(6.2) ^^a):^^a-^a'-^{a' + 3)i. 

Let u G C"^''^(51 X [0,r)) be an admissible solution of il.l8\ ) such that ^"^^{Xjt) ~ 
^ > (T, for all {x,t) E Oy. Then at an interior maximum of (p, there is a constant 
C (independent of e and t), such that 

(6.3) Kinax < C. 

Numerical calculations show 0.14596 < ctq < 0.14597. 



We begin the proof of Theorem 16.11 which is long and computational. 

Assume achieves its maximum at an interior point {xo,to). We may rewrite 
E(to) locally near Xq = {xQ,u{xo,toj) as a radial graph X ~ e"(^^*'z, (z,i) G 
§" X (0,r), such that i^(Xo) = Zq, and we may also choose the local coordinates 
around zq e §" such that at (zq, to) 

9v = '5^ and ?^ = 0. 
By a standard calculation, we also know that v{z,t) satisfies 

vt = yw{f - cr). 

Moreover, we can also assume hij is diagnalized at (zo,to)- At last, since dilation is 
an isometry for radial graph, without loss of generality we may assume f (zq, to) = 
Therefore at (zo,to) we have 

(6.4) 5,, = ^ = ^ and = n'cf^ = yH,,, 

1 - hi- 5i 

(6.5) h,j = -hij H —g^j = ^ + 

u y y 
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Differentiating ()2.18|) with respect to 9^ we get 
(6.6) 



Since i^(Xo) = zq, we conclude that at (zo,to) 



which implies 



r"" = 



Thus 

(6.7) V[^v = = Vjjw, 

where denotes the covariant differentiations in the metric g with respect to the 
local coordinates on S(io)- 

Recall that by Lemma [3.21 we have 



dgi] 



-2{F -a)uh 
On the other hand 

= '2e^'"vt{(yij + v,Vj) + e^" (cTy + w.Wj + v^Vj) 
= 2g^yw{F - cr) + e^" (tr^j + ii^Wj + ViV^) . 

Therefore at (zo,io) 

(6.9) a,, = -2y{F - a)h,j - 2y{F - a)(5y . 

Combining equation p.20p and (|6.9p we get 
(6.10) 

dh- ~ 

= /i„-y(f^ - (t) + V^[yi«(i^ - a)] + 2{F - a)yh,, + 2y(F - a)5,j 
= 3%y(F - a) + V^[yi(;(i^ - a)] + 2y{F - (t)^,^ 

= ihjViF -^) + {V%F + y{F - a)vHVij 
- (i^ - a)y6^j + y^Fj + y^F,] + 2?/(F - g)5,j 

= 3~h,jy{F - cr) + yV'y-F + ?/(i^ - (t)i;h% + y^FJ + y^F, + y{F ~ a)6,j. 

We can always assume at (zo,to) K^a.x = g^^hu, thus we only need to compute 
/ill at this point. From now on, all calculations are done at {zo,to) if no additional 
explanations. 

Lemma 6.2. At {zo,to), 

^hl - y^F^^Vuhl ^ 3(F - a)Kl + y^F^'^^^.^^,,^ 

(6.11) 

-{F-o)+ U .Un^ + «i ^ /. - F - kIf) . 
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Proof. Differentiating equation (|6.5p with respect to t we get 



(6.12) 
Since 
(6.13) 

and 

(6.14) 

we obtain 
/ill 

(6.15) 



9i] - 2 — ^QijU. 



-^9 ij H 2 



1^ a_ r^-vvv^ 

= -V'[2/ii;(F-a)] -V'y 

= -{F-a)il-y')~yVF-\/'y, 

3hiiy{F - (t) + yV'iii^ + y{F - C7)vnvn + 2?;ii^i + y{F - cr) 
(F-<T)(l-y2) yV'F-V'y 



-/iii(F-a 

-2(F-cr)/iii -2{F-a) 
= V'liF + (^^ - c7)«fi + -yiFi - ^-^^ -VF ■ V'y 

y y y 

= V'li^^ + (F - a)Chn + If + -yiFi - ^-^—^ - -V F ■ Vy. 

y y^ y 

Here we used hij — Vij — Sij at (zo,<o)- 

By equation (|2.ip . p.3p and (|6.13p at the point (zo,to) we get 



(6.16) 

On the other hand 

hence 
(6.17) 

Finally we have 



5y =-2iF-a)h. 



9'' = 29-'(F-<7)/, 



ki ■ 



= 2y\F-a)hl,+y^h,, 



(6.18) 



2y\F-a)hl,+y' 



V\,F + {F- a)(hii + 1)' + -yiFi 



By (|2.6p at (zo,to) we get 



(6.19) 
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Therefore we can rewrite equation (|6.18p as 

(6.20) ^^3(^F^a)Kl+y'S/nF-{F-<j) 



Moreover 



(6.21) = F"Vii {g^'^hk,) + F'^-'^'hiX:! 

= y'^F''Vnhu+F'^''''hiX-i- 



Thus 



dhl 



(6.22) ^^z{F- a)«? + y^F^^^.h^ + y^F^^^'^'li^^a ~ (F - <j)- 

Next let's recall the following well-known fundamental equations for a hypersur- 
face S in H"+i : 

Coddazzi equation: Vihj^ ~ ^jh^i = V^hij, 

Gauss equation: Riju = {hikhji - huhjk) - {gik9ji - 9ii9jk), 

Ricci equation: ViVkhij - Va_.V;/ij-, = hipg^'^Rgjki + hjpg^'^ Rqiu- 

So we have 

(6.23) = hipgP'^Rgui + h,pgP'^Rgiii 

= KlRliil + KiRilil 

and 

(6.24) Run = —hiihii -\ — J, Riiii ~ huhu j. 

Substituting equation (|6.24p into (j6.23p and combining with equation (j6.22p we 
obtain (|6lT|) . □ 

Lemma 6.3. At {zq, to), 

(6.25) ^ 
Proof. By differentiating z/"+^ we get 



y-Wv-Wy 
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and 



(6.27) 



n+l _ Vij ~ ""lijUl - '"liVlj - ^IjUli - ^iVlij 

''^ ~ w 

y - \/'v • V'y fy- \7'v ■ \7'y 
5 - w, 



= -y5i] - viijyi + yviiSij + yvijSu ~ yvuvij 
= -yiVihij - yhuhi-j. 



Then 



V,,^"+i = V.,^"+^ + I + y,i/l+') -W yivr'5., 

(6.28) 1 1 



Moreover, differentiating F with respect to t;, 

\/iF = F'^ = F'^ (uh{ + 

(6.29) V // V 

= r= [yihj + y^ihj + J^r^'-^y} ■ 
Combining equations (|6.14p . ()6.28p and (|6.29p we have 

= -(^^ - .)(! - y^) y{l y') ^ /. - l) - v'Y. F^i^u y ^ .^'m 

= -(F - a)(l - y') - (1 - y2) 5^ /i(^, _ + y ^ _ 2^)2 _ 2y ^ /.y^i^f+i. 

□ 



From the assumption 



^ - 2/2f"V,,^ > at (zo,<o), 
ot 
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we have that 
(6.30) 

0<hl- y^F^'Vuhl 



y — a I ^-^ ^-^ 



Swf - 1 



y-a 



y-a 
2yKi 



(E/^-?+E/» 



{F-a)+y'F^^''^'f4^X,, 
2 , + 



-1 - Kt 



n+l 



2/ - a ^ 



Here we used lemma Wl2\ and lemma 16731 Since 



'li;! = '^1 {g^^hkt) = y^hii-i = y^hii-i = 



and 

we get 
(6.31) 

Therefore 
(6.32) 



^1 n+l 



< 



3Kf - 1 



«i(i-y') 



y-a 



(y- a)^ ^ - «i 



a/^i 

y-a 



-1 - Kf 



«l(l+?/) 



y-a 



2yK 



y-a 



- E -f^y^ 



Let 



/ = {i : Ki - y < -6'ki}, 
J = {i ; -6'ki < - y < 0, U< Vi}, 
L = : < - y < 0, /, > 

where 6* G (0, 1) is to be determined later. Then we have 

^ E(«' - '^"^')'/^ < E /^('^^ - ^"^') 

y — a y — a 

(6.33) 



< 



y-a 



i&i 
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provided 0Kia > 2 we get 
I 



^ — ^ 1/ — a ^- — ^ 

2yKi J.,, .,„+! 



(6.34) 

(6.35) 

provided aKi > 2, 
(6.36) 

Finally, when i € L, 
2yKi 



y-a 



-fi< + 

y-a y-a 



y-a 



< 



3.37) 



-2ki 
-2ki 



(2/ 



y — a ^-^ 1 + 6' 



E/» 



(k* - y) + 



1-61 



< 



ieL 

«l(l + 0)(l-J/2) 



(y-«)(i + ^) 



2(1- 



E^ 



ieL 



We want "^^'^ti-fl)"'" ' ^ — 



(6.38) 
Since 

(6.39) 



bg(%j) = a- 



< 0, which is equivalent to 

(l + 0)(l-y2)(y_a) 



2(1 



> on y G (a, 1]. 



'^o(y) = a - -(1 - y^)[y-a) 

4 1 , 1,9 ,3 

> 3^ - - ^(a' + 3)5 := (/.(a). 



For a e (0, 1) it is easy to check that ^'(a) > 0, 0(0) < 0, 0(1) > 0. Let ctq be 
the unique zero of 0(a) in (0, 1). Numerical calculation show that 0.14596 < <to < 
0.14597. 



7. Convergence to a stationary solution 



Let us go back to our original equation p.l2p . which is a scalar parabolic 
differential equation defined on the cylinder fi^ = x [0,r) with initial value 
w(0) = uq G C°°(51). In view of the a priori estimates, which we have estimated in 
the preceding sections, we know that 



(7.1) 



a 
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and when a > cfq (0.14596 < tro < 0.14597) there is a constant C independent of e 
and t such that 

(7.2) u\D^u\ < C. 
Thus we have 

(7.3) F is uniformly clhptic in u. 

Moreover, since F is concave, we have uniform C^+"(57) estimates for u'^{t), Vi > 0. 
Therefore, the flow exists for aU t > 0. 

By integrating equation (|1.12p with respect to t, we get 

(7.4) u(x,t) -u(x,0) = [ {F-a)uw 

Jo 

which imphes 

(7.5) / {F- a)uw < oo V.t e O. 

Jq 

Hence, for any x £ n there is a sequence tk oo such that {F — cr)u(x) — >■ 0. 

On the other hand, due to our assumptions on our initial surface, u(x, •) is 
monotone decreasing and therefore 

(7.6) lim u{x,t) = u{x) 

exists, and is of class C°°{il). So u{x) is a stationary solution of our problem. 
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